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STABILITY OF ψ-HILFER IMPULSIVE FRACTIONAL DIFFERENTIAL
EQUATIONS
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Abstract. In this paper, we investigate the sufficient conditions for existence and unique-
ness of solutions and δ-Ulam-Hyers-Rassias stability of an impulsive fractional differential
equation involving ψ-Hilfer fractional derivative. Fixed point approach is used to obtain our
main results.
Keywords : Impulsive fractional differential equation, δ-Ulam-Hyers-Rassias, ψ-Hilfer frac-
tional derivative, Banach fixed point.
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1. Introduction
Impulsive differential equations are used to describe the evolutionary processes that abruptly
change their state at a certain moment. This subject received great importance and remark-
able attention from the researchers because of its rich theory [1] and applicability in various
branches of science and technology. A natural framework for mathematical modeling of
many physical phenomena appearing in the field of mechanics, ecology, medicine, biology
and electrical engineering can be provided via impulsive differential equations.
Wang and Zhang [2] investigated the existence and uniqueness of solutions to differential
equations with not instantaneous impulses in a Pβ-normed space of the form:{
x′(t) = f (t, x(t)) , t ∈ (si, ti+1], i = 0, 1, · · · , m,
x(t) = gi(t, x(t)), t ∈ (ti, si], i = 1, 2, · · · , m.
Wang et al. in [3], considering the ordinary nonlinear differential equation with not instanta-
neous impulses obtained existence and uniqueness of solutions and introduced an interesting
concept of stability viz. generalized β-Ulam-Hyers–Rassias. Zeng et al. [4] extended the
above investigations to the class of impulsive integro-differential equations with not instan-
taneous impulses.
With the expansion of the fractional calculus [5, 6, 7], the impulsive fractional differential
equations gained a much attention and began to be studied, mainly due to the variety of
results, from the stability study, existence to uniqueness [8, 9, 10, 11, 12, 13]. Impulsive
differential equations in the space of Banach spaces have been dealt in [14, 15, 16, 17].
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Discussions on concept of solutions, existence and uniqueness results pertaining to impulsive
fractional Cauchy differential equations (IFDE) can also be found in the survey paper [18].
Wang and Zhang [19] recently, introduced a new class of nonlinear differential equations
with fractional integrable impulses and established existence and uniqueness results and
introduced new concepts of Bielecki-Ulam’s type stability.
As discussed above, in the last years there are many published works related to stability,
especially on impulsive differential equations of arbitrary order. Thus, one of the mains
purpose of this paper is to expand this range of works in the literature involving stability
and thus contribute to the expansion of the area.
In this paper, we apply fixed point approach to study stability of the modified impulsive
fractional differential equations
(1.1)
{
H
D
α,β;ψ
0+ x (t) = f (t, x (t)) , t ∈ (si, ti+1] , i = 0, 1, ..., m
x (t) = gi
(
t, x
(
t+i
))
, t ∈ (ti, si] , i = 1, 2, ..., m
where HDα,β;ψ0+ (·) is the ψ−Hilfer fractional derivative with 0 < α ≤ 1, 0 ≤ β ≤ 1 and
0 = t0 = s0 < t1 ≤ s1 ≤ t2 < · · · < tm ≤ sm < tm+1 = T are prefixed numbers,
f : [0, T ]× R → R is continuous and gi : [ti, si] × R → R is continuous for all i = 1, 2, ..., m
which is not instantaneous impulses.
The motivation for the elaboration of this paper is the contribution in the stability of frac-
tional differential equations, in particular of the impulsive type. In this sense, as the main
purpose of this paper, we investigated the δ-Ulam-Hyers-Rassias stability of the impulsive
fractional differential equation by employing the fixed point approach.
For the fundamental properties of ψ-Hilfer fractional derivative and the basic theory of
fractional differential equation involving ψ-Hilfer fractional derivative, we refer the readers
to the papers of Sousa and Oliveira [7, 20].
This paper is divided as follows: in Section 2, we present the concepts of weighted and
piecewise weighted function spaces. We also recall the definitions of ψ-Riemann-Liouville
fractional integral, ψ-Hilfer fractional derivative and define the concept of generalized δ-
Ulam-Hyers-Rassias stability. In Section 3, we investigate through the Theorem 2 the gen-
eralized δ-Ulam-Hyers-Rassias stability of the fractional differential equation.
2. Preliminaries
Definition 1. [3] Suppose E is a vector space over K. A function ‖·‖δ : E → [0,∞)
(0 < δ ≤ 1) is called a δ−norm if and only if it satisfies :
(1) ‖x‖δ = 0, if and only if x = 0;
(2) ‖λx‖δ = |λ|
δ ‖x‖δ for all λ ∈ K and all x ∈ E;
(3) ‖x+ y‖δ ≤ ‖x‖δ + ‖y‖δ.
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Let J = [0, T ] , J ′ = (0, T ] and C (J,R) the space of continuous functions. The weighted
space C1−γ;ψ (J,R) of functions x on J
′ is defined by [7]
C1−γ;ψ (J,R) =
{
x ∈ C (J ′,R) ; (ψ (t)− ψ (0))1−γ x (t) ∈ C (J,R)
}
, 0 ≤ γ < 1
with the norm
‖x‖C1−γ;ψ ,δ = sup
t∈J ′
{
(ψ (t)− ψ (0))1−γ ‖x (t)‖δ
}
.
Obviously the space C1−γ;ψ (J,R) is a Banach space.
The piecewise weighted space PC1−γ;ψ (J,R) of functions x on C ((tk, tk+1] ,R) is defined by
PC1−γ;ψ (J,R) =
{
(ψ (t)− ψ (tk)− ψ (0))
1−γ x (t) ∈ C ((tk, tk+1] ,R) and
lim
t→tk
(ψ (t)− ψ (tk)− ψ (0))
1−γ x (t) , exists for k = 1, 2, ..., m
}
with norm
‖x‖PC1−γ;ψ ,δ := maxk=1,2,...,m
{
sup
t∈(tk ,tk+1]
(ψ (t)− ψ (tk)− ψ (0))
1−γ ‖x (t)‖δ
}
and there exists x
(
t−k
)
and x
(
t+k
)
, k = 1, 2, ..., mwith x
(
t−k
)
= x
(
t+k
)
. The space PC1−γ;ψ (J,R)
is also a Banach space.
Let n − 1 < α ≤ n with n ∈ N, J = [a, b] be an interval such that −∞ ≤ a < b ≤ +∞
and let f, ψ ∈ Cn ([a, b] ,R) be two functions such that ψ is increasing and ψ′ (t) 6= 0, for all
t ∈ J. The ψ−Hilfer fractional derivative denoted by [7]
H
D
α,β;ψ
0+ y (t) = I
β(n−α);ψ
0+
(
1
ψ′ (t)
d
dt
)n
I
(1−β)(n−α);ψ
0+ y (t) ,
where Iξ;ψ0+ (·) (0 < ξ ≤ 1) is the ψ-Riemann-Liouville fractional integral [7].
Banach’s fixed-point theorem is fundamental in this study, so we will enunciate it below.
Theorem 1. [3, 21] Let (X, d) be a generalized complete metric space. Assume that Ω :
X → X is a strictly contractive operator with the Lipschitz constant L < 1. If there exists a
nonnegative integer k such that d
(
Ωk+1,Ωk
)
< ∞ for some x ∈ X , then the following are
true:
(1) The sequence
{
Ωkx
}
converges to a fixed point x∗ of Ω;
(2) x∗ is the unique fixed point of Ω in Ω∗ =
{
y ∈ X/d
(
Ωkx, y
)
<∞
}
;
(3) If y ∈ X∗, then
d (y, x∗) ≤
1
1− L
d (Ωy, y) .
Let the space of piecewise weighted space continuous functions
X = {g : J → R/g ∈ PC1−γ;ψ (J,R) , 0 ≤ γ < 1} ,
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with the generalized metric on X given by
(2.1)
d (g, h) = inf
{
C1 + C2 ∈ [0,∞] / |g (t)− h (t)|
δ ≤ (C1 + C2)
(
ϕδ (t) + εδ
)
, for all t ∈ J
}
where C1 ∈
{
C ∈ [0,∞] / |g (t)− h (t)|δ ≤ Cϕδ (t) , for all t ∈ (si, ti+1] , i = 0, 1, ..., m
}
and
C2 ∈
{
C ∈ [0,∞] / |g (t)− h (t)|δ ≤ Cεδ, for all t ∈ (ti, si] , i = 1, ..., m
}
. Note that that
(X, d) is a complete generalized metric space.
The function x ∈ U˜ := PC1−γ;ψ (J,R)
m⋂
i=0
C1 ((si, ti+1] ,R) is a solution of the impulsive frac-
tional differential equations
H
D
α,β;ψ
0+ x (t) = f (t, x (t)) , t ∈ (si, ti+1] , i = 0, 1, ..., m
x (t) = gi
(
t, x
(
t+i
))
, t ∈ (ti, si] , i = 1, 2, ..., m
I1−γ;ψ0+ x (0) = x0 ∈ R
where I1−γ;ψ0+ (·) is the ψ-Riemann-Liouville fractional integral with γ = α + β(1 − α), if x
satisfies I1−γ;ψ0+ x (0) = x0, x (t) = gi
(
t, x
(
t+i
))
, t ∈ (ti, si] , i = 1, 2, ..., m and
x (t) = Ψλ(t, 0)x0 +
1
Γ (α)
∫ t
0
Nαψ (t, s) f (s, x (s)) ds, t ∈ [0, t1]
x (t) = gi
(
si, x
(
t+i
))
+
1
Γ (α)
∫ t
si
Nαψ (t, s) f (s, x (s)) ds, t ∈ (si, ti+1] , i = 1, 2, ..., m.
with Nαψ (s, t) := ψ
′ (s) (ψ (t)− ψ (s))α−1 and Ψλ(t, 0) =
(ψ(t)− ψ(0))γ−1
Γ(γ)
.
Let 0 < δ ≤ 1, ξ ≥ 0, ϕ ∈ PC1−γ;ψ (J,R+) is nondecreasing and
(2.2)
{ ∣∣∣HDα,β;ψ0+ y (t)− f (t, y (t))∣∣∣ ≤ ϕ (t) , t ∈ (si, ti+1] , i = 0, 1, ..., m∣∣y (t)− gi (t, y (t+i ))∣∣ ≤ ξ, t (ti, si] , i = 1, 2, ...., m
Definition 2. The Eq.(1.1) is generalized δ−Ulam-Hyers-Rassias stable with respect to (ϕ, ξ)
if there exists Cf,δ,gi,ϕ > 0 such that for each solution y ∈ U˜ of the inequality Eq.(2.2) there
exists a solution x ∈ U˜ of the Eq.(1.1) with
|y (t)− x (t)|δ ≤ Cf,δ,gi,ϕ
(
ξδ + ϕδ (t)
)
, t ∈ J.
A function y ∈ U˜ is a solution of the inequality Eq.(2.2) if and only if there is G ∈
m⋂
i=0
C1 ((si, ti+1] ,R) and g ∈
m⋂
i=0
C ([ti, si] ,R), such that:
(a) |G (t)| ≤ ϕ (t), t ∈
m⋃
i=0
(si, ti+1] and |g (t)| ≤ ξ, t ∈
m⋃
i=0
(ti, si];
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(b) HDα,β;ψ0+ y (t) = f (t, y (t)) +G (t) , t ∈ (si, ti+1], i = 0, 1, ..., m;
(c) y (t) = gi
(
t, y
(
t+i
))
+ g (t), t ∈ (ti, si] , i = 1, 2, ..., m.
Remark 1. If y ∈ U˜ is a solution of the inequality Eq.(2.2) the y is a solution of the
fractional integral inequality:
(2.3)
∣∣y (t)− gi (t, y (t+i ))∣∣ ≤ ξ, t ∈ (ti, si] , i = 0, 1, ..., m
and ∣∣∣∣y (t)−Ψλ(t, 0)y (0)− 1Γ (α)
∫ t
0
Nαψ (t, s) f (s, y (s)) ds
∣∣∣∣ ≤ 1Γ (α)
∫ t
0
Nαψ (t, s)ϕ (s) ds, t ∈ [0, t1]
and ∣∣∣∣y (t)− gi (si, y (t+i ))− 1Γ (α)
∫ t
si
Nαψ (t, s) f (s, y (s)) ds
∣∣∣∣
≤ ξ +
1
Γ (α)
∫ t
si
Nαψ (t, s)ϕ (s) ds, t ∈ (si, ti+1] , i = 1, 2, ..., m.(2.4)
3. δ−Ulam-Hyers-Rassias stability
In this section, we present the main result of this paper, the stability of the type generalized
δ−Ulam-Hyers-Rassias for the impulsive fractional differential equation Eq.(1.1), by means
Banach’s the fixed point theorem.
Before investigating the main result in this paper, we list some essential conditions for proof
of the theorem:
(H1) f ∈ C1−γ;ψ (J × R,R);
(H2) There exists a positive constant Lf such that
|f (t, u1)− f (t, u2)| ≤ Lf |u1 − u2| , for t ∈ J and u1, u2 ∈ R;
(H3) gi ∈ C1−γ;ψ ([ti, si]× R,R) and there are positive constants Lgi , i = 1, 2, ..., m such that
|gi (t, u1)− g2 (t, u2)| ≤ Lgi |u1 − u2| , for t ∈ [ti, si] and u1, u2 ∈ R;
(H4) Let ϕ ∈ C1−γ;ψ (J,R+) be a nondecreasing function. There exists Cϕ > 0 such that
1
Γ (α)
∫ t
0
Nαψ (t, s)ϕ (s) ds ≤ cϕϕ (t) , for t ∈ J .
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Theorem 2. Assume the conditions (H1)-(H4) be satisfies. If there exists a function y ∈ U˜
satisfying Eq.(2.2), then there exists a unique solution y0 : J → R such that
(3.1) y0 (t) =

Ψλ(t, 0)x (0) +
1
Γ (α)
∫ t
0
Nαψ (t, s) f (s, y0 (s)) ds, t ∈ [0, t1]
gi
(
t, y0
(
t+i
))
, t ∈ (ti, si] , i = 1, 2, ..., m
gi
(
si, y0
(
t+i
))
+
1
Γ (α)
∫ t
si
Nαψ (t, s) f (s, y0 (s)) ds, t ∈ (si, ti+1]
i = 1, 2, ..., m.
and
(3.2) |y (t)− y0 (t)|
δ ≤
(
1 + Cδϕ
) (
ϕδ (t) + ξδ
)
1− Φ
, t ∈ J
where
(3.3) Φ := max
i=1,2,...,m
{
Lδgi + L
δ
fC
δ
ϕ
}
.
Proof. For prove of this result, consider the operator Ω : X → X given by
(3.4) Ωx (t) =

Ψλ(t, 0)x (0) +
1
Γ (α)
∫ t
0
Nαψ (t, s) f (s, x0 (s)) ds, t ∈ [0, t1]
gi
(
t, x0
(
t+i
))
, t ∈ (ti, si] , i = 1, 2, ..., m
gi
(
si, x0
(
t+i
))
+
1
Γ (α)
∫ t
si
Nαψ (t, s) f (s, x0 (s)) ds,
t ∈ (si, ti+1] , i = 1, 2, ..., m.
for all x ∈ X and t ∈ [0, T ]. Note that, Ω is a well defined operator according with condition
(H1).
In order to use Banach’s fixed point theorem, we prove that Ω is strictly contractive on X,
in three cases. Note that
|g (t)− h (t)|δ ≤
{
C1ϕ
δ (t) , t ∈ (si, ti+1] , i = 0, 1, ..., m
C2ξ
δ, t ∈ (ti, si] , i = 1, ..., m
is equivalent to
(3.5) |g (t)− h (t)| ≤
{
Cδ1ϕ (t) , t ∈ (si, ti+1] , i = 0, 1, ..., m
Cδ2ξ, t ∈ (ti, si] , i = 1, ..., m
Using the definition of Ω in Eq.(3.4), (H2), (H3) and Eq.(3.5), we have the following cases:
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Case 1: For t ∈ [0, t1], and by the hypothesis (H2), (H4) and Eq.(3.5), we get
|Ωg (t)− Ωh (t)|δ ≤
∣∣∣∣ 1Γ (α)
∫ t
0
Nαψ (t, s) f (s, g (s)) ds−
1
Γ (α)
∫ t
0
Nαψ (t, s) f (s, h (s)) ds
∣∣∣∣δ
≤ Lδf
(
1
Γ (α)
∫ t
0
Nαψ (t, s) |g (s)− h (s)| ds
)δ
≤ LδfC1c
δ
ϕϕ (t)
δ .
Case 2: For t ∈ (ti, si] , and by the hypothesis (H3) and Eq.(3.4), we obtain
|Ωg (t)− Ωh (t)|δ ≤
∣∣gi (t, g (t+i ))− gi (t, h (t+i ))∣∣δ ≤ (Lgi ∣∣g (t+i )− h (t+i )∣∣)δ ≤ LδgiC2ξδ.
Case 3: For t ∈ (si, ti+1] and using the hypothesis (H1), (H2), (H3) and Eq.(3.4), we have
|Ωg (t)− Ωh (t)|δ
≤
∣∣gi (si, g (t+i ))− gi (si, h (t+i ))∣∣δ + ∣∣∣∣ 1Γ (α)
∫ t
si
Nαψ (t, s) (f (s, g (s))− f (s, h (s))) ds
∣∣∣∣δ
≤ LδgiC2ξ
δ + LδfC1
(
1
Γ (α)
∫ t
0
Nαψ (t, s)ϕ (s) ds
)δ
≤
(
Lδgi + L
δ
fc
δ
ϕ
)
(C1 + C2)
(
ϕδ (t) + ξδ
)
.
Then, we obtain
|Ωg (t)− Ωh (t)|δ ≤ max
i=1,2,...,m
(
Lδgi + L
δ
fC
δ
ϕ
)
(C1 + C2)
(
ϕδ (t) + ξδ
)
= Φ(C1 + C2)
(
ϕδ (t) + ξδ
)
, t ∈ J.
Hence, we get
d (Ωg,Ωh) ≤ Φd (g, h)
for any g, h ∈ X and since the condition Eq.(3.3).
Now, we take g0 ∈ X and from the piecewise continuous property of g0 and Ωg0, then there
exists a constant 0 < G1 <∞ so that
|Ωg0 (t)− g0 (t)|
δ =
∣∣∣∣Ψλ(t, 0)x (0) + 1Γ (α)
∫ t
0
Nαψ (t, s) f (s, g0 (s)) ds− g0 (t)
∣∣∣∣δ
≤ G1ϕ
δ (t) ≤ G1
(
ϕδ (t) + ξδ
)
, t ∈ [0, t1] .
On the other hand, also G2 and G3 with 0 < G2 <∞ and 0 < G3 <∞, such that,
|Ωg0 (t)− g0 (t)|
δ =
∣∣gi (t, g0 (t+i ))− g0 (t)∣∣δ
≤ G2ξ
δ ≤ G2
(
ϕδ (t) + ξδ
)
, t ∈ (ti, si] , i = 1, 2, ..., m
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and
|Ωg0 (t)− g0 (t)|
δ =
∣∣∣∣gi (si, g0 (t+i ))+ 1Γ (α)
∫ t
si
Nαψ (t, s) f (s, g0 (s)) ds− g0 (t)
∣∣∣∣δ
≤ G3
(
ϕδ (t) + ξδ
)
, t ∈ (si, ti+1] , i = 1, 2, ..., m
since f, gi and g0 are bounded on J and ϕ (·) + ξ
δ > 0. In this sense, Eq.(2.1) implies that
d (Ωg0, g0) <∞.
Note that, exists a continuous function y0 : J → R such that Ω
ny0 → y0 in (X, d) as n→∞
and Ωy0 = y0, that is y0 satisfies Eq.(3.4) for every t ∈ J (Banach’s fixed point theorem).
For finally the proof this theorem, we check that 0 < Cg <∞ such that
|g0 (t)− g (t)|
δ ≤ Cg
(
ϕδ (t) + ξδ
)
, for any t ∈ J
and assuming that g, g0 are bounded on J and min
t∈J
(
ϕδ (t) + ξδ
)
> 0.
Then, we get d (g0, g) <∞ for all g ∈ X , that is X = {g ∈ X/d (g0, g) <∞} . Therefore, we
obtain that y0 is the unique solution continuous function with the property Eq.(3.4).
On the other hand, using the hypotheses (H1)-(H4), Eq.(2.3), Eq.(2.4) and Eq.(2.4) it follows
that
(3.6) d (y,Ωy) ≤ 1 + Cδϕ.
Thus, from Eq.(3.6), we have
d (y, y0) ≤
d (Ωy, y)
1− Φ
≤
1 + Cδϕ
1− Φ
,
which means that Eq.(3.2) is true for t ∈ J .
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